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PERTURBATION SOLUTIONS FOR VARIABLE ENERGY BLAST WAVES 

Edward T. Pitkin 

ABSTRACT 

The trajectory of and the flow field behind blast waves with time varying 

energy input is determined. Freeman's2 Lagrangean coordinate formulation is 

modified to include both the geometric factor, a, for plane, cylindrical and 

spherical shocks and also non-integer values of 0, the energy input parameter, 

in a single computational algorithm. Numerical problems associated with vanish- 

ing density at the fictitious piston face are then examined and solved. Second 

order perturbation solutions about the infinite strength shock are then ob- 

tained in Sakurai's1 inverse shock Mach number expansion parameter for 0 s ß < 

a + 1. Tables and graphs of significant numerical coefficients are presented 

for comparison to and extension of results of other authors. Graphs of typical 

shock trajectories and flow field density, pressure and velocity variations 

are also presented and discussed. 
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PERTURBATION SOLUTIONS FOR VARIABLE ENERGY BLAST WAVES 

Edward T. Pitkint 

1.   INTRODUCTION 

The analytical theory of blast waves has been the subject of intensive 

a 
study by many investigators since the pioneering work of G. I. Taylor about 

thirty years ago. A large fraction of this work concerns waves of constant, 

instantaneously supplied energy which propagate and decay according to the 

dictates of inviscid isentropic flow behind the wave and Rankine-Hugoniot 

conditions at the wave front. This work has been well summarized by Sakurai1 

who has also developed an efficient method of expanding the general solution 

about the sLmpLer limiting solution for the flow behind a very strong shock. 

Furthermore, he has shown that the square of the inverse shock Mach number is 

a most convenient and natural parameter to use for this expansion. 

A lesser amount of work has been devoted to analysis of blast waves of 

variable energy input. In 1957 Lees and Kubota6 examined this case briefly 

in connection with the hypersonic blast wave analogy and Rogers3 presented 

the limiting strong shock solution in 1958. Mc -: .:-. ~ititly in 1968 Freeman2 

examined this case in connection with cylindrical apa -k channel formation 

from exploding wires and Dabora7 has applied variable blast wave techniques 

to droplet explosions in spray detonations. 

Th<; work reported hen; i:; basically an  extension of Freeman's approach 

to (.-over the full spectrum of piano, cylindrical and uyherical variable 

t Professor of Mechanical and Aerospace Engineering, The University of 
Connecticut, Storrs, Connecticut 06?68 
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energy blast waves within a single analytic formulation and computation algo- 

rithm. It also contains corrections to some numerical errors discovered in 

Freeman's paper. As a consequence Freeman's notation has been adopted com- 

pletely and derivations given in his paper have only been summarized here. 

His major contribution was to recast Sakurai's expansion procedure in La- 

grangean coordinates, replacing distance from the origin, r, with mass, m, as 

an independent variable, but retaining the inverse shock Mach number as the 

expansion parameter. The advantage is two fold:  (l) the number of differ- 

ential equations that must ultimately be integrated numerically is reduced by 

nearly a factor of two, and (2) the position of the fictitious moving piston face 

which supplies the variable energy is uniquely defined to be at mass = 0.  In 

Kulerian coordinates precise determination of the piston position can be a 

very difficult numerical task. 

In sections 2 and 3, the equations of motion and the strong shock solution 

are reviewed. The expansion procedure is outlined in section k  and a method 

of extrapolating the numerical solution to the mass origin is discussed in 

section 5. Numerical results are then summarized and discussed in section 6. 

• •I. i 

- 2 - 

- 



-f • i.Jiji.n.nt..ni^w)i«m Mi»Lmmi»mi.i ii.iii- •',"^*^B||MBmBB| 

2.  EQUATIONS OF MOTION 

Let p0 and pQ be the pressure and density in the undisturbed medium 

while r is the radius from the origin to an arbitrary point in space and M is 

the total mass contained between the origin and r. Let r = R at the shock 

front so that the volume behind, the shock front, when filled with gas of orig- 

inal density, will contain the mass 

M0 = 2V
(3-a)/V+1p0/(a+l) (2.1) 

where a is a geometric parameter with values 0,  1, and 2 for plane, cylindri- 

cal and spherical waves respectively.    Finally let u be the speed at any 

point and U be the speed of the shock front,  C the speed of sound and Y the 

specific heat ratio in the undisturbed gas. 

It is convenient to introduce non-dimensional variables.    For mass, rad- 

ius, velocity and density take 

m = M/MQ 

a^r/R 

f $ u/u 

h = p/p0 

(2.2) 

(2.3) 

(2.It) 

(2.5) 

while the square of the inverse shock Mach number 

y S c2/U2 = C2/(dR/dt)2 (2.6) 

may be combined with p to define a variable related to non-dimensional pres- 

sure 

g • py/Po (2.T) 

An arbitrary non-zero initial radius of the shock, R  ,  is then used to define 

3 - 

-~__-___- -   -• -" - • 



iHini,mmiumi -u -i.i ••»••»» jjn-u».i.«ittn,ii, i.  .mill   iwiiu luiumnii. '»i "-" I..PI.I.U.IHI   i i in in.i. ii n. ..    mm i mi- I        i. i  •    i  i        i    .n        -i.i   niujini  .1 1 .- 

a characteristic time 

^o " RQ/C (2.8) 

which may then be used to non-dimensionalize time through 

= t/t( (2.9) 

while the shock front coordinate, R, is non-dimensionalized by 

z = R/R0 (2.10) 

Finally the decay index, a ratio of the percentage changes of shock Mach num- 

ber and radius, as introduced by Sakurail, is 

X =  jdy/yj = -2Rd2R/dt2 
A  (dz/z)   (dR/dt)z 

(2.11) 

Uw latter obtained by use of (2.6) and (2.10). 

The equations of fluid flow behind the shock wave have been derived in 

Lagrangean coordinates by Freeman2. Only the results will therefore be sum- 

marized here.  First the density at any point is given by 

h = p/Po = l/[(ct+l)a
a3a/3m] (2.12) 

and the non-dimensional velocity is 

f = a-(a+l)m^+ Xy—•• (2.13) 

Beginning with the assumption of a purely isentropic process behind the shock 

for each mass element it follow:: that 

3(p/pY)/3y • 0 (2.1U) 

- h  - 
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which, upon using the non-dimensional variables above can be shown to lead to 

the following in Lagrangean coordinates, 

LU *•      Yg 3m/ 3m      3m2 J      y 8m 

[la 3a .    1   de\ 3a A 32a 1      . .        . 

Similarly Newton's second law for the mass element 

3u _  3u dy .      /0  xaa(3-a)/23p ,       .. 
3t "  37 dt * "(2r)  " 15s (2-l6) 

loud:;   to 

aÜaül 3& _ W + („Ä + (o+1)2BÄ 
Y  3m   2        2  dm  v   '  8m2 

T r>i   ..\-iZ<l    ,   2+A 3a .   31 3X JL . 32a1  -        ,_ n„< 

The energy contained between the origin and the shock is the sum of the kine- 

tic energy and the internal energy. The increment of energy over that of the 

same volume of undisturbed gas is 

Converting to non-dimensional form, using Equation (2.12) and letting a prime 

designate D/3m gives 

- 5 - 
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(a+i?p0M0 
= 7j   l2l^iT+ä7T')dm- (Y-I)(«*I) (2*19) 

Letting b = l/[(y-l)(a+l) ], Ea = E/^
3

""*'/
2
 J01 and designating the integral 

J after Sakurai1  this becomes 

Ea J      . — - b 

p0R 
a+l     y (2.20) 

If the total energy behind the shock varies as a power of time according to 

the following rule 

E = R0
a+1p0(t/t0)

ß, (2.21) 

the energy equation reduces to the simple form 

to /z   = J/y - b. (2.22) 

When 3=0 the energy is constant, a case examined by many investigators and 

we"1! documented by Sakurai. Letting g take non-zero values allows one to model 

a fairly wide range of energy inputs which can be further extended with some 

modification of (2.2l) as has been shown by Freeman2. 

- 6 - 
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3.  STRONG SHOCK LIMIT 

At very large shock. Mach numbers y + 0 and J/y >> b so the energy equation 

reduces to a simple form consistent with Rogers'3 similarity solution for the 

equation of motion for which the shock front advances according to 

1 = Ef V/n2J0t*]
1/(a*3)tn = Ktn (3.1) 

where n is related to ß, a and X through 

i 

n = (2+0)/(<x+3) = 2/(X0+2) (3.2) 

from which the decay index for strong shocks is 

XQ = 2(ct+l-ß)/(2+ß) (3.3) 

The zero subscripts on X and J are used to designate the strong shock case 

here. 

Note also that 

dz _ to dR  U _ 1 (1 h.\ 
d^-i£dt = c-;s (3-U) 

while fron (3.1) 

dz/du = nz/ü) (3.5) 

so that 

z = to/ny2 (3.6) 

Combining this with the strong shock energy equation (b = 0) yields 

1/X, Jo-' (3.7) 

- 7 
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where 

- l»8Ao) l/(a+l-8) (3.8) 

- 8 - 
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h.       OUTLINE OF SERIES SOLUTION 

Equations (2.15) (2.17) and (2.22) comprise a system of three dependent 

variables; X, a, and g and two independent variables; m and y. Sakurai has 

shown that X is a function of y only and that the pressure, density etc. are 

slowly varying functions of y. He therefore suggests expansion in powers of 

y to reduce the number of independent variables. In the Lagrangean coordinates 

used here this has the very desirable effect of reducing the partial differ- 

ential equations to ordinary differential equations. 

The expansions, taken about the strong shock solution for which y = 0, 

are 

x(y) = X + X y + X v2 + • • • • (l*.l) 
o   i     2 

a(m,y) = a0(ra) + a (m)y + a2(m)y
2 + • • • • (k.2) 

g(m,y) = gQ(m) + g^mjy + g2(m)y
2 + • • • • U.3) 

By similar reasoning the equation for the shock front is expanded about the 

strong shock "zero order" solution (3.7) as 

z = z0 y
1/A" (1 + Zj y + z2 y

2 + • • • )  . ik.k) 

1'jquation  (3.1+) which applies  in general can be integrated to give: 

y  d7dy   • 

Substituting for z and taking z = 0 at w = 0 then gives an expansion for the 

time variable as a function of y and z 

- 9 - 
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• z
0y 0+      °(uo+ "i2^ + ••• + "i2^ + •••) (^.6) 

where 

»j •  (2jX0+2)/((2j+l)X0+2)     , (U.7) 

Noting from (2.13) that f = f(A, a, m) it is ciear that substitution of 

(U.l - k.3)  into (2.19) will yield integrals in ascending powers of y so that 

J can be expressed as 

J = J0 + Jjy + J2y
2 + • • • (Jt.8) 

These expansions are then substituted into the isentropic, momentum and 

energy equations (2.15), (2.17) and (2.22) and the coefficients of like powers 

of y equated to give perturbation equations of ascending order.  In the isen- 

tropic and momentum equations this procedure yields ordinary differential 

equations for a, and g. with X, entering as a parameter. These must be solved 

subject to the shock jump boundary conditions. 

a0(i) = l a (1) = o 

g0(D = 2^/(Y+i) gl(D = (1-Y)/(Y+D 

The remaining coefficients are all zero at the shock. Fortunately the 

successive orders of approximation to the isentropic equation yield intermedi- 

ate integrals for g.. These may then be used in the momentum equation which 

Bust be solved by numerical integration from the shock front to the mass 

- 10 - 
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origin. The equations and solutions for each order will be discussed in the 

following sections. 

Now consider the energy equation. Putting the expansion (U.U), (U.6) 

and (It.8) into (2.22) gives 

ft A 
z0 (u0 + WjZjy + u)2z2y

2 + •••) 

a+1/, J> .   \0t+l 
= Zr (1 + Zjy + z2y2 + •••) 

X(J0 +(jj-b)y + J2y
2 + •••). (U.10) 

The two series with exponents may be converted to simple power series by means 

of the binomial formula if the first term of each is larger than the sum of the 

remaining terms. Thi3 is certainly true for small y. Multiplying out on the 

right and equating coefficients of like powers of y then yields relations be- 

tween J, and z.; 

T  .  ß 0-(a+l) 
Jo " uo Zo      , 

Jj/J0 =   fsuj/uio -  (a+l)]Zj + b    ; 

+ 

These relations are equally valid for integer and non integer values of ß. 

Freeman2 only considered integer values. Substituting (U.k)  into (2.1l) and 

solving for the z, gives 

- 11 - 
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i, = -Aj/x; 

z    = -[A    +  (1+X   )z  X   ]/2X' / ^ olio 

z3 • -[X3 +  (l+Xo)ZlX2 +  (l+2X0)z2X1]/3xJ (4.12) 

which may then be used in (U.ll) to give relations between the Xj and J*. 

These will be used later to evaluate the X* for each order of approximation. 

The solution proceeds in ascending orders of approximation. The zeroth 

order, corresponding to the strong shock solution with y -*• 0, is used in the 

computation of the first order solution and the first order solution is then 

used to compute the second and so forth. In this paper the solution will be 

curried only to the «?nd order. 

The zeroth order approximation to the isentropic equation is 

go   L(o+l)m  M a-o     ÖT/-I 
(4.13) 

which Freeman has shown to have an integral 

0   - Y an a/7nYmAo/(a+1) 
Bo - Ko/(ao ao> m (U.lU) 

where 

K - JX r   Y-1    l 
^O " Y+l   [(a+l)(Y+l)J (4.15) 

The momentum equation in the zeroth approximation becomes 

- 12 - 
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whore 

A0 =  («+1)Y Uog0/a£ -  (a+lk2]   > 

Bo =  (ct+l)mY(a+Xo/2)       , 

c0 = Y[XO/2 + a(a+i)g0a.yo/a
2

0]   . (U.17) 

The first approximation to the energy integral, J,  of (U.8) will be obtained by 

evaluating 

Jo ,  f[l (ao-(^l)ma^+ g^&j ^ ^^ 

along with Integration of (1+.16) from the shock front to the mass origin. 

(Note that Freeman's fcrms of this and higher order integrals are only correct 

for a = 1.) The first term of this expression is a measure of the kinetic en- 

ergy behind the shock and the second term is proportional to the internal ener- 

gy so these two factors can easily be accumulated separately.  The integration 

of aQ is initiated with the boundary conditions (k.9)-    The values of aQ(m), 

flo(m), goW an<i go(m) may be stored for use in the first order solution orj 

more conveniently^these integrations can be performed simultaneously with those 

for the higher order solutions. 

In the zeroth order equation AQ appears as a known parameter obtained from 

th« similarity solution.  In the higher order equations the ^j's appear as un- 

known parameters.  Fortunately, the equations are linear in X»  and of course 

the perturbation equations are linear differential equations so it follows that 

- 13 - 
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superposition of solutions is valid. This property will allow evaluation of 

the *j's after the equations have been integrated. 

In each higher order approximation the g, term in the momentum equation 

may be eliminated with the isentropic equation and its integral, g>. The inte- 

grals have been obtained through third order by Freeman. The momentum equation 

then gives higher order perturbation equations of the form 

aJ=(BJaj+Cjaj  +Dj  +XjEJ)/Ao (U'19) 

in which the coefficients B. through E, are functions only of known quantities 

from lower order solutions. It follows that CL. can be expressed as the linear 

combination 

aJ = aH + XJ*J2 
{k'20) 

so that (J+.19) gives two equations 

aJl = (Bj aJi + CJaJl + DJ)/Ao , 

aJ2= <Bj aJ2
+ CJ aJ2+EJ)/A0 ' {k-2l) 

It is convenient to let the non-zero boundary condition of (k.2)  be satisfied 

by a      so the remaining perturbations are zero at the shock. Note that the 

denominator, Ac, i:; the same for all orders of approximation. This term goes 

to zero at m = 0 when 3=0 causing computational difficulties which will be 

diuBcussed later. 

It will be evident upon substitution of dt  into the isentropic equation 

that g* must be of the form 

- Ik - 
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Finally substituting CL.  and g, into the energy integral will show J. to be of 

the form 

1 

where the terms Jj, and Jj2 are to be accumulated simultaneously with integra- 

tion of ( U.2l). When J»j and Jj2 have thus been evaluated Aj can be deter- 

mined. After using (^.12) in (U.ll) to eliminate z,  in favor of A«, (U.23) is 

substituted in to the left hand side of (Jt.ll) and the result is then solved 

for A». The first two of these coefficients are 

 ; - Jn 
Xl = J12 + J0[Ulß/Wo-(a+l)]/x2 

{k-2k) 

and 

^ = Jp *\  G - 2\l  £21 (lt>25) 
J0 H " ''A0 J22 

where 

G = ß(ß-l) uf/u| + (a+l)(a+l-A0-2ßu)1/u0) 

+ (l+A0) ß O)2/üJ0 

H = 3 (ü)2/a>0)-(a*l) (U.26) 

The to« are obtained from (^.7h Expressions for the coefficients A, through 

Ej, jV and J« are listed in the Appendix. 

Freeman has shown that given approximations through the k'th order with 

k > 2, it is possible to obtain an excellent approximation to the shock posi- 

tion R(t) as follows. Truncate the A series at the k+2 term and evaluate the 
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last two X« in terms of those preceeding and known boundaries of the X vs y 

curve at y = 1.  Thus 

X(l) = \0 + X1  + ••• + Xk + Xk+1 + Xk+2 = 0 (U.27) 

dX (l)/dy = Xj + 2X2 + ••* + kXk + (k+l)Xk+i + (k+2)Xk+2 

= (2+o)A C4-28) 

The higher order X terms in (it. 12) are then zero and all the z±  can be expres- 

sed in terms of X through Xk+„.  If k = 2 the general expression for z, when 

J _ 5 is 

•j = -([I+CJ-^XOJX^ZJ.^ + [l+(j-3)Xo]X3Zj_3 

+   [l+(j-2)Xo]X2Zj_2 +   [I+O-DXJAJZJ.J/JXO C4.P9) 

Using this  and  (U.12)   Ln   (h.k)  and  (U.6)  then gives  z(u)  or R(t)   lor all  values 

"f .y- 

It was found that this procedure works very well for 3=0, but when ß 

approaches a + 1 where X = 0, satisfaction of the final slope condition (U.28) 

with a limited number of terms causes a false hump in the X-y curve near y = 1. 

The procedure was therefore modified through multiplying Xfc  as obtained by 

simultaneous solution of (U.2T) and (U.28) by the factor [l-ß/(a+l)] and solv- 

ing (U.2T) for X   once again.  Thus the need to meet the final slope condi- 

tiuna is progressively eliminated as (i  approaches a + 1 to give more realis- 

tic x-y curves. 
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5.  EXTRAPOLATION TO m = 0. 

When ß • 0 as it does in the constant energy blast vuve, integration of 

0*.l6) will show that a.'Q •*•  co and CLQ  > 0 as m • 0 so it follows from (If.17) 

that A * 0. This latter term appears as the denominator of (U.21/ so it may 

be anticipated that computational difficulties will be encountered near the 

mass origin for all orders of approximation.  The problem is further compounded 

in evaluation of the energy integrals which contain terms proportional to a 

and accumulate rapidly near m = 0.  For example if Y - 1.1 and a = 1, sixty 

percent of the true value of J0 is accumulated in the last one percent of mass 

variation.  Numerical integration all the way to the origin is clearly impos- 

sible yei. i I. i;; mandatory that accurate values of J. be obtained else the next 

higher order approximation be seriously in error. 

Freeman2 mentioned this problem and suggested an "appropriate approxima- 

tion formula" but gave no details.  Similar numerical problems arising in the 

Eulerian formation of the problem have been noted by Sakurai1 and Bach and 

Lee1*. The procedure outlined here was developed by the author and is based 

upon the fact that in a region close to the mass origin the pressure term, gQ, 

can be taken to be constant to a very high degree of approximation. Although 

Uw procedure is only necessary when 3 is close to zero, it is still valid for 

larger values of ß BO it can be ineorporated into a computer program valid for 

all val uei; of b. 

Consider the integrand of (*t.l8) in which the first term is related to 

the kinetic energy and the second to the internal energy. 

Jö = ?^T)(ao-(^lW;)2-^2i (5.1) 

In the region near the origin, say m < 10~ , the density is very low so 

it may be anticipated - and verified by numerical experiment - that the first 

17 
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term is much, smaller than the second. Furthermore it has been observed from 

numerical integrations that the product ma0 approaches zero at nearly the same 

rate as aQ  so that this first term is nearly constant. These numerical inte- 

grations also showed gQ to be constant to about four significant figure: Ln 

this region.  It follows that taking these factors constant over an interval of 

Am < 10  will introduce no significant error in the computation of JQ. 

The major contributing factor to the integral is then <&oL  which by use 

of (i+. lU) can be expressed in terms of m as 

*S-(V«o)1/Y-"X°/7(Bfl) (5.2) 

which can bo integrated analytically if g    is  taken  to be constant. 

The procedure» than   is   to integrate numerical ly   from rn   -   I   Lo m = 6 where 

0 •   Ä  v   10      and add a correction terra obtained by analytical    integration    from 

0 to 6. i.e., 

v, txr    l1'Y   r.l-A0/Y(<X+ir 

(a+l) (5.3) 

where a and dQ  are evaluated at m • 6. 

Similar considerations apply to the higher order approximations to J. 

In each case the kinetic energy term in the integrand can be taken as constant 

over the last integration interval while the internal energy term can be ex- 

pressed in terms of «'(*<l0, gQ and essentially constant ratios such as a.,/a.ü, 

a'i/a0, etc. This method has been checked by letting 6 take on values from 

10-i to 10~6 and noting that all give the same final values for each J..  A 

value of 6 = 10~5 was used in the computations leading to the results reported 

in the next section.  Formulas for the correction term AJU, AJJ? etc. are 

given in the appendix. 

18 
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6.  RESULTS 

The equations outlined in Sections 3, k  and the Appendix have teen numeri- 

cally integrated with a fourth order Runge-Kutta algorithm in double precision 

arid extrapolated to m = 0 as discussed in Section 3.  The procedure has been 

carried out to the second order in the expansion variable y (some authors » » 

prefer "third approximation") for plane, cylindrical and spherical blast waves, 

i.e., for a = 0, 1, 2.  The range 0 < 3 < 0+1  (above which the zeroth order 

similarity solution ceases to exist6) was covered for Y - 1.1 and l.U. The 

solution for the case, ß = a + 1, which corresponds to the well known self sim- 

ilar solution for which X = 0 and R = Kt, is computationally unobtainable be- 

cause oT a zero divisor problems evident in equation 3.7.  However, solutions 

for ß very close to this value (within .01) were obtained easily.  Solutions 

huve also been obtained for other typical values of Y for integer values of 3. 

Table:; 1 to 3 are summaries of the expansion coefficients \\,  Xy  and 

Jo» *^1» ^2 obtained in the computation. Korobienikov and Chushkin5, Sakurai , 

Bach and Lee1* have all published values of Xj computed in Eulerian coordinates 

for 3 = 0, Y = 1.1» which agree with those given here.  (Note that Bach and Lee 

report values of X-^/2 while the others give values of X^/(a+l)).  The values of 

\?  and Xj for 6=0 and Y = l.U are also in agreement to the full six signifi- 

cant figures quoted by Bach and Lee.  The values of Xj for 3=0 and Y = 1.1 to 

3.0 are in agreement with those reported by Freeman, however his values of Xj 

for 3=1 are in error because he apparently used an incorrect value of X0 to 

obtain them.  His values of J] | and Jj2 are, however, correct.  As ••. final check 

on numerical accuracy it is noted that the values of JQ reported to U signifi- 

cant figures by Rogers for Y = 1.2 and l.U and various 3 agree with values in 

these tables. 

It can be seen from the tables that the X coefficients approach zero 

- 19 - 
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rapidly as ß is increased from zero.  This is also shown in Figure 1.  The max- 

imum value of 3 is a+1 where X = 0 and the shock propagates with constant ve- 

locity.  This drop off of the decay index implies much stronger convergence of 

the perturbation series as 3 increases. 

Figure 2 shows typical variations of the J coefficients with ß for a = 2, 

and Y = l.k.     It is seen that J2 drops off rapidly and JQ becomes fairly con- 

stant while Ji takes on an increasing portion of the energy as ß increases. 

Similar results obtain for other Y and a. 

Radial pressure, density and velocity destributions are presented in 

Figures 3 to 5 for u = 2, Y = l.k  and ß = 0, 1, 2.  The hump in the density 

distubution for y = .5 and ß = 0 is most likely due to truncation of the expan- 

sion at the third term.  This suggests an upper limit of validity for y = .5, 

or a shock Mach number of l.kt  for the second order expression when ß = 0. 

This limit can be raised considerably as ß increases as in evidenced by the 

curves for ß = 1, 2. 

As ß is increased from zero, the constant energy case, the flow region 

rapidly contracts to a thin shell between the shock and the fictitious piston 

located at the zero mass position as is evident in Figures h  and 5.  Even when 

3=0, over 99$ of the mass is located in the outer half radius of the sphere 

but as noted before, over 50$ of the total energy can be confined to the inner 

1%  of the mass because the temperature becomes extremely large in this region. 

As 3 approaches a+1 the solution approaches the self similar result for X = 0 

arid y • constant.  At this limit the spherical blast wave flow field occupies 

a thin shell within which the velocity, pressure and density are constant. 

Similar results obtain for other Y and a.  In particular the profiles for 

a = 1, ß • 1 and Y = l.k  are given in Figure 6 as replacements for similar 

plots given by Freeman which, as noted before, are in error due to his use of 
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the incorrect value of A. 

The variation of the decay index, X, and the shock position, z, with shock 

strength, y, is given in Figure 7 for a spherical shock with Y = l.U and 3=0. 

The decay index was obtained by use of accurate values of A , Aj and A2 given 

in Table 2 and approximate values of A3 and A4 obtained by matching boundary 

conditions at y = 1 as outlined in section k.    The shock position was obtained 

from (h.6)  with zj from (U.12) and enough terms of (U.28) to insure that no 

truncation error would occur in the sixth significant figure.  These results 

are compared with a decay index and shock position obtained fro:n tables of 

shock position and over-pressure reported by Goldstine and Von Neumann8 who 

solved the exact partial differential equations by a numeric.il technique.  The 

comparison is most favorable over the whole range of y even though the internal 

structure of the flow field can only be predicted to y = .5 for ß • 0.  Of 

course when ß become;. Larger the Internat approximations improve for larger y. 

The effect of [i on decay Index and shock position is given In Figures 8 

and 9 where A and z are plotted against shock strength with ß as a parameter. 

Note the smooth approach to A = 0 as ß approaches a+1 in Figure 8. 

It is evident in Figure 9 that a constant value of shock strength is ap- 

proached in the limit ß = a+1 or ß = 3 in this case.  The value can easily be 

obtained by noting that a solution of the form z ^ un is required in which 

n = (2+ß)/(a+3) = 1 to be consistent with the rest of the family of curves. 

Differentiating this relation and using (3.H), the definition of y, gives 

dü/dw = z/w = y"1/? (6.1) 

while l-he energy equation (2.22) gives 

(»/a)0*3 = Jy - l/[(a+l)(Y-D] (6.2) 

- 21 - 
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Eliminating w/z and using the second order approximation for J consistent with 

the other curves then yields the following equation which can be solved for 

the limiting yalue of y. 

y(a+3)/2 m  JQ + ^ _ 1/I(a+1)(Y.l)jj y + j2 y2 (6#3) 

Taking Y = l.U, the limits are y = 0.531, 0.528 and 0.5^2 for a = 2, 1 and 0, 

respectively. 

The shock trajectories corresponding to Figures 8 and 9 are given in Fig- 

ure 10.  It is clear that there is relatively little difference in trajectories 

ac; ß is varied.  The major effect of increasing ß is the faster decay of shock 

strength at low z and slower decay at large z previously shown in Figure 9. 

In addition there appears to be oniy a very weak dependence of the trajectory 

upon i  iv.  the curvet; for  Y = 1.1 fall in the same narrow band indicated for 

i       I.I». The 1  i-ffect j:; more evident tn the z-y plots of Figure ii  which also 

indicate the effect of a for [',  = O.'j  in all cases. 

The apportionment of energy between kinetic and internal modes is also of 

interest. These two contributions can easily be separated in the computation 

of the energy integral, J.  The fraction of the total energy associated with 

kinetic energy is plotted in Figure 12 versus the shock strength with 3 as a 

parameter.  These results were computed with a three term approximation of J. 

Note that the kinetic energy fraction increases with 3 while in all cases most 

of  the energy soon is transformed to internal energy as the shock decays and y 

increases. The values obtained for y = 0 are in agreement with computations 

made by Rogers3. 
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Coefficients for Decay Index Expansion as a Function of Energy Input Parameter. 

Figure 1 
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Coefficients of Energy Integral Expansion as a Function of Energy Input Parameter. 

Figure 2 
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Flow Field Structure Behind Spherical Blast Wave for Instantaneous Energy Input. 
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Flow Field Structure Behind Spherical Blast Wave  for Constant Energy  Input Rate. 
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Flow Field Structure Behind Spherical Blast Wave for Linearly Increasing Energy- 
Input Rate. 
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Flow Field Structure Behind Cylindrical Blast Wave for Constant Energy Input Rate. 
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Decay Index and Shock Front Position from Second Order Perturbation Solution (P) 
Compared with "Exact Solution" of Goldstine and Von Neumann (G) 

Figure 7 - 33 - 
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Variation of Decay Index with Shock Strength. 

Figure 8 
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Shock Position as a Function of Shock Strength and Energy Input Parameter. 

Figure 9 
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Shock Position as a Function of Time. 

Figure 10 
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Shock Positions for Plane, Cylindrical and Spherical Blasts Compared. 
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Figure 11 
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Kinetic Energy Fraction Variation with Shock Strength and Energy Input Parameter. 

Figure 12. 
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BEST AVAIUBLE COPY 
APPENDIX A 

Siuimary uf fir3t and second order equations required for blast wave computation 

FIRST ORDER: 

(A-l) K, 
2V     I        Y-l V 
Y+l   [(a-H)(Y+l)j 

(A-2) K}|  =    2Y/(Y-1)   -  (Y-1)/2Y 

(A-3) e2     = 

(A-U) ei    = 

(A-5) e3     = 

(A-6) Co    = 

(A-7) A(. 

(A-H) H 

(A-9) Cr 

l+(Y-l)X0/Y(a+l) 

1 - x0/Y(a+i) 

1 +  (2Y-i)X0/Y(a+l) 

K  /(aV)Vo/(a+l) 
o'     o o 

f(a*l)[a^g0/ao-((i+l).n?] 

rU-H )(^u+A„)in/. 

=   y[<*U*L)g0aa
oa'o/a

2
o + AQ/2] 

(A-10) F 

(A-ll) bt = 

(A-12) Cj = 

(A-l3) D] = 

(A-l'i) K, = 

(A-l')) a", = 

T(ao-(a+l)aui(!)) 

B_ •  Y(CI+1) \a
a Z&. - Ä - a^S.   -2mX 1 

a » 
C0 •   n2

Q/2 - a(a+l)(Y-l)aogö/a0 

Kna^mAo/(a+l)[(a*l)g; * g0A0/m] 

[(«•l )<Bo  -  Di/Kn]/\, -  F/2 

(B!a11 • Cian* RI)/A0 

A  -   I 
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(A-16) 
it 

a12 <-,.!,-a,«,, •.,>,,.    BEST AVAILABLECOPY 

(A-17)      j'n    =    (~)[(l+A0)air(u+l)ma'11] 

(A-18)      jj2    =    (^i)K1+x
0)a12 -  (a+l)ma'12l 

+      „<V   ri-mX°/(a+l)       |£^ a12n 

o o 

(A-iD)     ILL 
8« 

Bio      ^     i=a (A-PO)        ^12.    = 
8r 

A0/(a+l) 

(A-21)       AJn =     Jj;idm=  {gT)[(l+A0)an-(a+l)5a,
n]6 

o 

1/Y. 

(A-2J?)       AJ,?  = 

(S 

/ ^d"' =   (ST)t(l+A«)a^-(u+l)6<X12^ 
o 

A  - 2 
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.. 

3EC0ND ORDER; BEST AVAILABLE COPY 
(A-23) .    K, =    KU  -  A,/x0 

(A-21»)       K2]       = KU   X,A0 -  2Y/CY-D     -  (Y-1)
2

/8Y
2
  - \\/2\ 

(A-25)       ft] • ftn +  X1ft12 

(A-26)       gl/go= gn/g0+  Xlgl2/go 

' i       w ,      Ä   /(a+l) 
(A-27)    Si     = Ü& + hbg 

ß0 Kg        la+lM 

L>o" ^;+ao"^o)2J 

(A-28)       G =     a1(^
+^o)   *   (a+l)ma| 

(A-29)       B2 =    Bj  - 2(u+l)YmA0 

(A-30)       C2 =     Cj  +   (1+5A0/2)YX0 

(A-31)       D2 

2X0/(a+l) 

°\ 21  ° lAo      («+l)mj 

1   1   [\0      (a+DmJ Kl    [g0        a0J 

•('[•i-gfl-ii 
(<*0-\   ,        » t , 1        .   ,   ,   »     ,   t .2   »,\ I 

+ 6p 
2 

+ ^[ai(l+U0)    -   3(0+1)0«; ] + |(a-l)a(a+l)a2
g; 

A -  3 

- -••- 
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Ü 

(A-32)       E2        =    a 

wrmuBiE cm 
a/U+Pgp    r^Xo/ta+Dl  m &o B2X0/(.atl}\  _ F 

(A-33) 

(A-3M 

(A-35) 

a2i     =    (B2a21 + C2a21 + D2)/A0 

*22 

21 a+1 

(B2a22 + c2a22 + E2)/AO 

-HFCXJ^ + (i+2X0)a21 - (a+pma^) + |G2
] 

iWo p*21 + °"*21   ,  Wi fa\  t   (a-paA + g2J. 
'-1      Lao *o        <*o    \<*o 2ao     J      «o 

+ Si 
'o Vo  ao /J 

(A~'6)   J22   =  T77Tf(l+',A<j)a" " (,1+J)ma221 

(A-3T)  !** 
«O 

+ gQaoaQ [a22 + ^22. + 822.1 
Y-l  Lao    ao   So J 

(A-i8)  f^£. 
So 

. „  2X0/(0+1)  K,Aim
Xo/(a+l) 

+ K21m        - -*-* 
Ao 

^(iH^^^.yfÄfJtt) 

A - 1* 
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BEST AVAILABLE COPY 

(A-39)       AJ i   = l Jäito " 3ST [F(M , + (i+2xo)a2] - (a+l)6a2 21        2       I 

^[|-S-(1+(!)2)]-H?^)] 
K216   3      KJXJ  6  2 

X0      e2 

(A-1.0)       AJ22    =     J  jj2dm = ~   F(a2 ?2(1+2A0)   -   (a+l)«a "l 
fe(3'"],{ i ie-a-»-(?4)^} 

A - 5 
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BEST AVAILABLE COPY 
AI'k'MUiX  B -  'JOM-'IJTER PROGRAMS 

r<<««<<<<«<«<<<   BLAST   WAVE * VAR I ABLE   ENERGY   >»»»»> 
r PROGRAM   COOEO   BY   PROFESSOR   E.T.   PIT* IN 
C MFCHANICAl   ENGINEERING  DEPARTMENT 
C UNIVERSITY   CF   CONNECTICUT 
C STOPR?,    CONN.,   36268 
<-«««<<««««<«   SEC1ND   OROER   COMPUTATICN   >>»»>»» 

IMPLICIT   KEAL*8   (A-H.O-Z) 
.  _    PEAL*9   MASS.LAMN.LAM1tLAM2,LAM?,LAM4,KNvKltLAMPL,LA 

3IMENSICK'   ZAU (?OJ).7AP1K200).ZA12(2 00).ZAP12 (200) 
1/Gl?(200)rZA?l(200)r/A?2(200)tZAP21(?00)tZAP22(200) 
2/G22(>0C),C(16),ZA(200).ZAP(200)»Z Ml 200) • ZG(200)»BZ 

EQUIVALENCE   (C<I l,LAMN),(C(2 ).KN).(C(3) ,K1),(CI»I»A 
1 (C ( 6 ), GMQG) . (C(7 ),AK11).(C(B).AK21),(C(9 I.GN). ( C( I 
2 iCl ll)tLAMl), (C( 12). ALFA) ,1C( 13 ) »GAMPA ) 

CCNSTPUCT    IMTIAL   VALUES   FOR   INTEGRATION 
SAVE   *   -.00500 

4  Fni;*AT<3F10.*.I5) 
10   t»EAD«5,<»,fcNU««J<?'»)    UFA,BETA,GAMMA,KFIELD 

L   *    At FA   •    .00100 
LP   *   1*1 
ÄLP    =   ALFA   •    1.00 
GPl    *   GAMMA   •   1.00 

CAMMA   -   1.0 0 
* r,*/GAMMA 
* 7.00/GMOG   - 
=   2.U0*(ALP 

»   LAMN**2 
*   LA*N   •   1,0 7 

>»>»»>>»»C8LST 
CBLST 
CPLST 
CBLST 
CBLST 

>>»»»> >»>>CPL ST 
BLST 

M0AtLAMN2 
• ZG11(200)* 
tZG21(200)t 
(100).0*(100) 
LP).(C(5),0M), 
Oi.RLAM). 

r,M   m 
-GMCG 
t*\ 1 
LA*N 
LA»»N? 

.. _   _LAMP1 

GMQG/2. DO 
R€^AJ/(2,00*BETA| 

KM * 
M = 
El = 
E2 * 
F3 « 
<PAS« 
NV * 

?.00*f.AMMA*(r,M/GPL/ALP )**GA«»M6 /GPL 
0.00 

- LAMN/ALP/GAM-A 
• GMPG*L AMN/ALP 
• (7.30*"»AMMA   -   1.00)*LAM*/GAMMA/ALP 

1.00 
1.00 
1.00 

« 1 
12 

20 

21 

WPITE(6,40) 
WP!TF»6.4l) 
STFP 
KK    * 
00   21 
Z(I) 
MASS 
7(1) 
Li?) 
Z(5) 
J   * 
ZM( j 
?A( J 
ZAF(J) 
/MM J) 

«LFA,BETA,GAMMA 
* SAVE 
OABS(.0100/«TEP)    •   .100 

T «1.1*? 
* 0.00 
* 1.00 
* 1.00 
« <;M/GPL/AL° 
• 2.DO/ALP/GPL 

191 
) * 
)   « 

1.00 
1.00 
Z(2) 

*   0.00 

BLST 
BLST 
BLST 
BLST 
BLST 
BLST 
BLST 
BLST 
BLST 
PL ST 
BLST 
BLST 
BLST 
BLST 
BLST 
BLST 
PLST 
RLST 
BLST 
BLST 
BLST 
BLST 
PLST 
BLST 
PLST 
BLST 
BLST 
BLST 
BLST 
BLST 
BLST 
BLST 
BLST 
«L«T 
BLST 
BLST 
BLST 
BLST 
BLST 
BLST 
BLST 
BLST 
»LST 

10 
20 
30 
40 
50 
60 
70 
BO 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
350 
360 
370 
380 
390 
400 
410 
420 
430 
440 
450 
460 
470 
480 
490 
500 
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BEST AVAILABLE COPY 
7A12U)    =   0.00 
ZA2HJ)   x   0.00 
ZA?2t J)    *   O.DO 
ZAP11(J)   »   Z(5) 
ZAP12U)   -   0.00 
7AP21U)   x   0.00 
ZAP22U)   =   0.00 
ZG(J)    =   KN/Z(2)**GAMMA 
ZGll(J)    *   ZG(J)*(AK11   -   GAMMA*Z«51/Z<21) 
ZG12(J)   =   0.00 
ZG2KJ)    =   0.00 
7G22(JI   =   0.00 

25  WQTTF(f,42)   ZAf J).ZAP(J) ,Z« 3) ,ZG« J) ,ZM< J) 
IF(KPASS.E0.2)   GO   TQ   ^o 
WRTTE(6,43)    ZAIK J),7AP1K J) ,ZA12(J),ZAP12«JI,Z(8),Z<9) 
IF(KPASS.EQ.l)   GO   TO   50 

30  WRITE(6,44)    ZA21(J),ZAP21(J),ZA22(J),ZAP22«J),Z<14),Z<15) 
40 FORMAT«////) 
41 FORMAT«»   ALFA   * • t F5 .3 • 3X t »BETA   =• ,F 5. 3, 3Xt »GAMM A   =»,F6.4,//I 
42 FORMAT«/,3X, »AO   •« ,E10.4, 3X,»AOPRIME   =•,E10.4,3X,'JO   = »,EU.5,3X 

l.'GO    »»,E11.5,3X,»MASS   *»,F10.3) 
43 F0PMAT(/f3X,»All=»,El0.4f3X.'AllPRIME«»,E10.4,3X,»Al?*,tE10.4,3X 

It 'A12PPI.ME=»,E10.4,3X,»Jil=» ,E11.5,3X, • J12*•,E11.5,/I 
<,*   FnPMAT</,3X,«A2i=',E10.4,3X, »A21PRIME«» , E10.4,3X, »A22«',E10.4,3X 

1,»A22PRIME=»,El0.4,3X,*J2l=»,Ell.5,3X,»J22*»,Ell.5,/) 
45   FORMAT«/,•    OJO   =»,F10.5,2X,»EKO   = » ,F10. 5, 2Xt »EFRACO   =»,F10.5> 
46F0RMAT«/,»    PLAM   =•,Fl0.5,2X,•K2I   *»,F10.5) 
47 FOPMAT«/,»    0J11   =»,F10.5.2X,»0J12   «•fF10.5,2X,»LAM1   =»,F10.5,2X, 

l»Jl    *»,F10.5,2X,»EKl   =»,F10.5,2X,»K1   =»,F10.5) 
48 FORMAT«/,»    0J21    =•,F10.5,2X,»0J22   =»,F10.5,2X,•LAM2    =»,F10.5,2X, 

1»J2   =»,F10.5,2X,»EK2   =',F10.5) 
COMMENCE    INTEGRATION 

50  00   100   1=1,KK 
100  TALL   RUNKUTtZ,MASS,C,STEP,NV) 

J   *   J-l 
FMl    •   MASS**(LAMN/ALPJ 
TF(KPASS.E0.2)   GO   TO   98 
ZM(JJ    x   MASS 
ZA(J)   «   Z(l) 
7AP«J)   =  l(2\ 
7G(J)   x   KN/«(Z(1)**L*Z«2))**GAMMA*FM1J 
ZA11JJ)   x   z«4) 
ZA12(J)    =   7<6) 
ZAP1MJ)   «   ZI5) 
ZAP12(J)   *   i(7) 
ZGIUJ)   x   ZG( J)*(A*ll*FMl   -   GAMMA*(ALFA*Z(4)/Z( il*Z<5l/Z< 2) I ) 
ZG12«J)   x   7G(J)*((l.D0-FMl)/LAMN-GAMMA*(ALFA*Z<6)/7<l)*Z«7)/Z«2)))BLST 

98   IF(KPASS.EQ.l)   GO   TO   99 
ZA?l«j)   *   ZOO) 
7A2?«J)   x   Z< 121 • 
/AP21 (J)   x    7(11 ) 
r*r??tjt   «   /(Ml 
'(.1    -    /«"I 1(1)    »I A«41*7("I2( Jl 

At    -   : I •* I    •   J A M \ « ; ( M 

BLST 510 
BLST 520 
BLST 530 
BLST 540 
BLST 550 
BLST 560 
BLST 570 
BLST 580 
BLST 590 
BLST 600 
BLST 610 
BLST 620 
BLST 63 0 
BLST 640 
BLST 650 
BLST 660 
BLST 670 
BLST 680 
BLST 690 
BLST 700 
BLST 710 
BLST 720 
BLST 730 
BLST 740 
BLST 750 
BLST 76 0 
BLST 770 
BLST 780 
BLST 790 
BLST 800 
BLST 810 
BLST 820 
BLST 830 
BLST 840 
RLST 850 
BLST 860 
BLST 870 
BLST 880 
BLST 890 
BLST 900 
BLST 910 
BLST 920 
BLST 930 
BLST 940 
BLST 950 
BLST 960 
BLST 970 
BLST 980 
BLST 990 
BLST1000 
BLSTIOIO 
RLST1020 
BLST1030 
"L ST I 0*0 

L 



BBT AVAILABLE COPY 
.. ZAP1   -   Z(5)   •  LAMi*Z(7) 

ir,?l ( J)   *( ( (ZG1/ZGI J| )**2-RLAM**2)/ 
1 *   Z(ll)/Z<?)   -   (ALFA*(ZA1/Z(l))**2 
2 •   AK21«"FM1**2   -   Kl*RLAM*FMl)*ZG(J) 
7G2?(J)   *   ( M.D0-FM1**2)/2.D0/LAMN 

1   7(13)/Z(2)))*ZG( J) 
CUT   DOWN   STEP   SIZE   AS   MASS   APPROACHES   ZEP 

09   IFtJ.EQ.10l)    STEP   *   STEO/IO.DO 
IF(J.EO.lOl)   GO   TO   101 
IF(J.EQ.ll)   GP   TO   101 
IFU.GT.?)   GO   TO   50 

101   Z3   »   -ZI3J 
WRITF16,42)    ZA( J),ZAP(J),Z3,ZG( J) ,Z 
IF(KPASS.EQ.2)   GO   TO   104 
19   »   -Z(8) 
Z9   »   -Z(9) 
WRITE (6,43)      ZA1H M,ZAPU(J), ZA12I 
IF(KPJSS.EQ.l)    GO   TO    105 

104 714   *   -Z(14) 
Z15   =   -ZU5) 
WRITE 16,44)    ZA21(JI,ZAP21( J),ZA22(J 

105 IFU.GT.2I    GO   TO   50 
COMPUTE   EXTRAPOLATED   VALUES   FOR   MASS   *   0 

ENSTP   =   -.0000100 
00   202   JK»1, ? 
00   200   1=1,90 

?00  CALL   PUNKUT(Z,*ASS,C,ENSTP,NV) 
FM1   =   MASS**fLAMN/ALP) 
GN   «   KN/((Z(L)**L*Z(2))**GAM«A*FMl) 
7 3   *   -Z(3) 
WRITF   (6,42)    ZU),Z(2),Z3,GN,MASS 
1FIKPASS.E0.2)   GO   TO   199 
Z«   *   -Z(R) 
Z9   »   -7(9) 
WRITE 16,43)    7(4),Z(5),Z(6),Z(7),Z8, 
IF(KPASS.kO.l)   GO   TO   201 

199   7 14    •«   -Z<14) 
Z15   «   -Z(15)   
WRITE(6,44)   Z(10),Z(11),Z(12),Z(13) 

201  IF I J* .td.Zl. QO_IQ   IQZ   
7(2) 
7(4) _  „ 
7(5) 
Z(6)      .  _  . 
Z(7) 
GN 
=   ENSTP/10.00 

IF(KPASS.EO.l)   GO   T0   202 
7tOS   •   7(tO) 
/US    -   /(ll ) 
M ." %    -   Mt;» 
ii i\ - nisi 
IMKPAi5»fcO»?l    G"    TO    ?0^ 

2.00   -   GAMMA*(ALFA*Z(10)/Z(1) 
•   (ZAP1/Z(2))**2)/2.D0) 

-   GAMMA*(ALFA*Z( l?)/7( 1)    • 

0 

"( J) 

J) ,ZAP12( J),Z8,Z9 

),ZAP22(J), Z14,Z15 

WITH  GO  *   CONSTANT 

Z9 

,Z14,Z15 

Z2S « 
Z4S • 
7.5S « 
Z6S - 
77S « 
GNS • 
FNSTP 

BLST1050 
PLST1060 
BLST1070 
RLST1080 
PLST1090 
BLST1100 
BLSTHIO 
BLST1120 
BLST1130 
BLSTU40 
BLST1150 
BLST 1160 
BLSTH70 
BLST1180 
BLSTU90 
BLST1200 
BLST1210 
BLST1220 
BLST1230 
BLST1240 
BLST1250 
BLST 1260 
RLST1270 
«LST1280 
BLST1290 
BLST1300 
BLST 1310 
BLST1320 
BLST1330 
BLST 1340 
BLST1350 
BLST1360 
BLST1370 
BLST1380 
BLST1390 
BLST1400 
BLST1410 
BLST1420 
BLST1430 
BL ST 1440 
BLST1450 
BLST1460 
BLST1470 
BLST1480 
BLST1490 
BL ST 1500 
BLST1510 
BLST1520 
BLST1530 
«LST1540 
IU ST ISSO 
»LST1560 
HlSTl«WO 
«LSTIS80 

B -  3 



7- . -—•-"•»' """•. •     ••"•"• •-• •""•"•• " "•"ifW- •""'•' ••«-•"-•*' >''">«p>«tnMimppv 

BEST AVAILABLE COPY 
AN   i 
AM 

Z< 1» 
!  AN**L 

ANP   *   Ii2) 
FAJ   »   AN -ALP*ANP*MASS 
GNO   *   <GN/GNS)*GN 
GN   »   .7DO*GN   •   .300*GNO 
GNKF   «   GN*<KN/GN)**(l.OO/GAMMA)/GM 
FJ1   «   GNKF*MASS**El/El 
FJ?   *   GNKF*MASS^*E2/E2 
FJ3   »   GNKF»MA$S**EVE3 
4N0   «  AN**LP  -   ALP*(GN/GN)*FJl 
IFCANO.LE.1.0-13)   AN0«1.D-13 
ANO   *   AN0**(1.DO/ALP) 
«NPO   »   (Z(2)/Z2S)*Z<2) 
OJO   «  GAMMA*MASS*FAJ**2/ALP/2.00   •   FJ1 
AJO   *  OJO  -   Z<3) 
EKO * OJO - FJ1 - Z<10) 
EFPACO • EKO/AJO 
AMASS * 0.00 
WRITE(6,421    ANO,ANPO»A JO,GNO,AMASS 
WPITE<6,45)   OJO,EKO,EFPACO 
All   •   Z(4) 
AP11   •   Z(5) 
Al?   «  Z16) 
AP12   »  Zf 7) 
A110   *   <A11/Z4S)*AU 
A120   *   (A12/Z6S)*A12 
AP110   *   <APU/*5S)*APU 
AP120  *   (AP12/Z7S)*AP12 
Gil   «   GN*CAK11*FM1   -   GAMMA*( ALFA*Z( 4) /Z< 1 l«>ZC 51 /Z(2 ) ) 1 
G12   «   GN*((l.00-FMl»/LAMN-GAMMA*(ALFA*Z(6l/Z(lt*Z(7)/Z(2m 
FK11   »   GAMMA*MASS*FAJ*(LAMP1*A11/ALP   -   MASS*AP11) 
EK12   *   GAMMA*MASS*FAJ*(LAMP1*A12/ALP   -  MASS*AP12) 
OJll    «  EKll    •   AK11*FJ2   -GM*(ALFA*All/AN*APll/ANP)*FJl 
0J12   «   EK12   •   (FJ1-FJ2)/LAMN   -   GM*(ALFA*A12/AN+AP12/ANP)*FJ1 
EKll    *   EKll   -   Z<11 ) 
EK12   »   EK12   -   Z(12) 
AZ8   «   OJll   -   Z<8> 
A79   «   0J12   -   Z(9) 
WRITE(6,43)   AU0,APU0,A120tAP120,AZ8,AZ9 
ZM(1)   •   MASS 
ZA( 1)   *   AN 
ZAP(l)   •   ANP 
ZG(l)   *   GN 
ZA1K1)   *   All 
ZA12<1)   >   A12 
ZAPIKI)   »   APll 
ZAP12(D   *   AP12 
ZG1K1)   •   Gil 
ZG12(I)   «   G12 
IF(KPASS.EO.I)   GO   TO   210 
WRITE 16,42)    ANO, ANPO, A JO, GNO,AMASS 
Al   •   All   •   LAM1*A12 
API   *   APll   •   LAM1*AP12 

706 

BLST1590 
RLST1600 
BLST1610 
BLST1620 
RLST1630 
BLST1640 
BLST 1650 
BLST1660 
BLST16T0 
BLST 1680 
BLST1690 
BLST1700 
BLST1710 
BLST1720 
BLST1730 
BLST1740 
BLST1750 
BLST1760 
BLST1770 
BLST1780 
BLST1790 
BLST1800 
BLST1810 
BLST1820 
BLST1830 
BLST1840 
BLST1850 
RLST1860 
BLST1870 
BLST1880 
BL ST 1890 
BLST1900 
BLST1910 
BLST1920 
BLST1930 
BLST1940 
BLST1950 
BLST1960 
BLST 1970 
BLST1980 
BLST 1990 
BLST2000 
BLST2010 
BLST2020 
RLST2030 
BLST2040 
BLST2050 
BLST2060 
BLST2070 
BLST2080 
BLST2090 
BLST2100 
BLSTZ110 
RLST2120 

B - k 
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BBF AV4/MBLE COPY A21   =   ZUO) 
A22   »   Z(12) 
AP2i   »   Z(il) 
AP22   «  Z(13) 
A210   *   (A21/Z10S)*A21 
A220   *   (A22/Z12S)*A22 
AP210   »   (AP2l/ZUS)*AP21 
AP220  =   (AP22/Z13S)*AP22 
Gl   •  fill  •   LAM1*G12 
EK21   *   GAMMA*MASS*(FAJ*(A2i*(LAMPl+LAMN)   -  ALP*MASS*AP2l   •   LAM1 

1*A1)   •   (LAMP1*AI   -   ALP*MASS*ÄP1)**2/2.DÖ)7ÄLP 
DJ21 « EK21 • AK2l*FJ3 - K1*RLAM*FJ2 • FJ1*<<Gl/GN)*(ALFA*A1/AN • 

1 AP1/ANP) • UGi/GN)**2 - RLAM**2 • GAMMA*(ALFA*( Al/AN) **2 • (API 
2/ANP)»*2)|/2.D0_- GM*(ALFA*A21/AN+AP21/ANP) • ALFA*(A1/AN)*((ALFA 

DO)*Ai/ÄN/2.00+APl/ANP)) 3 -1 
EK22 
OJ?2 
EK21 
EK22 
AZ14 
AZ15 
WRITE(6,44) 
ZA21U) 
ZA22(U 
ZAP2K1) 

GAMMA*MASS*FAJ*(A22*   (LAMP1+LAMN)   -  ALP*MASS*AP22)/ALP 
EK22   •   (FJ1-FJ3J/LAMN/2.DO -   GM*(ALFA*A22/AN+AP22/ANP)*FJl 
EK21   -   Z(8) 
FK22   -   ZI9) 
DJ21   -   Z(14) 
OJ22   -   Z(15> 

A2lO,AP2l0.A22O,AP?2O,AZl4,AZ15 
A21 
A22 
AP21 

7AP22(l) - AP2? 
7G2K1)   «   (((Gl/GN)**2   - RL AM**2)/2 .1)0  -  GAMMA*(ALFA*Z(10)/Z(1) 

1 •   Z(ll)/Z<2)   -   (ALFA*(   Al/Z(l))**2   •   (   AP1/Z(2))**2)/2.D0) 
2 •   AK21*FMl**2   -   Kl*RLAM*FMl|*GN 
ZG22(ll   «   (<i»DO-FMl**2)/2.DO/LAMN   -   GAMMA*(ALFA*Z(12)/Z(I)   • 

1   Z(13)/Z(2))>*GN 
IF(KPASS.E0.2)   GO   TO   220 

COMPUTE   LAMEOAS   ANC   ENERGY   INTEGRAL   CONTIBUTIONS 
210  OMEGO   *   2.D0/(LAMN«-2.D0) 

0MEG1   *   (2.D0*LAMN*2.D0)/(3.O0*LAMN«-2.D0) 
LAMl   *   (l.D0/GM/8LP-AZ8)/(AZ9*AJ0*(BETA*OMEGl/0MEG0-ALP)/LAMN2) 
RLAM   »  LAM1/LAMN 
Kl   »   AKll    -   RLAM 
A   21   =   AK11*RLAM  -   2.D0/GM0G/GM   - GM0G**2/8.00   -   RLAM**2/2.D0 
Aj      •   AZ8   •   LAM1*AZ9 
EK1    •    EK11   ••   LAM1*EK12 
WRITE (6,47)   DJLl,0U2,LAMlfAJl,EKl,Kl 
WRITE(6,46)    RLAM,AK2l 
NV   «    15 
KPASS   «   2 
GO   TO   20 
RZl » -LAM1/LAMN2 
3MEG2   •   (4#D0*LAMN*2.00)/(5.DO*LAMN*2.OO) 
SA   *   (BETA*0MEG2/0MEG0  -   ALP)/2.00 
SB   «  -AJ0*SA/LAMN2 
SA  *AJ0*BZ1**2*(SA*LAMPI   •   BETA*(BETA-l.DO)*«0MEG1/0MEG0)**2 

l/2j,00  •  ALP*((ALFA+2.D0)/2.D0 -   BFTA*0MEG1/0MEG0)) 
LAM2   «   (SA   -  AZ14)/(AZ15   -   SB) 
LAM4   «-(1.00-^BETA/ALP)   *( (ALFA+2.001 /4.00  -   LAM2   -   2.00*LAM1   - 

220 

BLST2130 
BLST2140 
BLST2150 
BLST2160 
BLST2170 
8LST2180 
BLST2190 
BLST2200 
BLST2210 
BLST2220 
BLST2230 
BLST 2240 
BLST2250 
BLST2260 
BL ST 2270 
BLST2280 
BLST2290 
RLST2300 
BLST2310 
BLST2320 
BLST2330 
BLST2340 
BLST2350 
BLST2360 
BLST2370 
BLST2380 
BLST2390 
BLST2400 
BLST2410 
BLST2420 
BLST2430 
RLST2440 
BLST2450 
BL ST 2460 
BLST2470 
BL ST2480 
8LST2490 
BLST2500 
BLST2510 
BLST2520 
BLST2530 
BLST2540 
BLST2550 
BLST2560 
RLST2570 
BLST2580 
BLST2590 
BLST2600 
BLST2610 
BLST262 0 
BLST 2630 
BLST2640 
BLST2650 
BLST 2660 

B -  5 
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BEST AVAILABLE COPY 
1   3.DO*LAMN) 

Ü. LAM3   »   -LA*N  -   IAH1   -_LAM£   - ±AM4„ 
AJ2   *   AZ14   •   LAM2*AZ15 

 EK?   «   EK21    »   LAM2»EK22 .1 
WRITE(6,48)   OJ2l,DJ22,LAM2,AJ2,EK2 

_£0.MPUTE    SHCCK   TRAJECTORY 
WRITE(6,40) 
BZO   «   (((2.D0+BETA)/(A1>.:»3.D0))**BETA/AJ0)»»I1.D0/ ( AlP-ftCTAI» 
RZ(1)   =   BZ1 
B7P)    =   -MAM?   •   LAMP1»! AM1»B71I/2.DO/LAMN2 _ 
RZ(3)   *   -(LAM3*(LAMP1*LAMN)*LAM1*BZ(2)*LAMP1*LAM2*BZU/3.D0/LAMN2 
BZ(4)   »  -(LAM4 + (1.DQ+3.D0*LAMN)*LAM1»BZ(3)+(LAMP1»LAHN»*LAM2*BZ(2 

1*LAMP1*LAM3*BZ1)/4.D0/LAMN2 
_ DO   III   K*5,jQQ      _ 

AK    =   K 
BZ(K)   =   -( (1.00+(AK-4.00)»LAMN)*BZ(K-4)*LAM4   •   (J»O0*(AK-3.D0I 

l*LAMN)*B7(K-3)*LAM3*( l.DO*( AK-2. DO) *LAMN)*BZ!K-2) *L AM2 
 2. •   (l.Q0*(AK-1.00)•LAMN)*BZ(K-1)»LAMP/LAMN2/ AK _ 
221  OM(K)   =   1.00/(1.DO*.5D0/(AK*1.DO/LAMN)) 

DM(1)   «   0MEG1        
0M(2)   *   0MEG2 
3M(3)   »   l.DQ/d.00*.500/(3.00*1.OO/LAMN)) 
0M(4)   =   1.00/(1.00*.500/(4.00+1.DO/LAMNI) 
X.» a.D.Q_      ..    _    
00   225   1-1,20 
SUM/   g n.pn  
SUMO   *   0.00 
00   222  K«l,100 
TEPMZ   =   BZ(K)*Y**K 
TEPMC   =   OM(K)*TERMZ 
IF(TERMO.LT.1.0-5.ANO.TERMZ.LT.1.0-5)   GO  TO   223 
SUMZ = SUMZ * TERMZ 

22 2 SUMO = SUMO • TERMO 
223  FIRST  *   BZO*Y**(I.OO/LAMN) 

BZS   *   (1.00   •   SUMZ)*FIRST 
OMEGA  =   (OMEGO   •   SUMO)*FIRST*DS0RT(Y) 
LAMDA   *   LAMN  •   LAMl*Y   •   LAM2*Y**2   •   LAM3*Y**3  •   LAM4*Y**4 
AJ   *   AJO   •   AJ1*Y   •   AJ2*Y**2 
EK   «   EKO  •   EKl^Y   •   EK2*Y**2 
EFPAC   *   EK/AJ 
WRITE(6,440)   Y,0*EGA,BZS,AJ,EFRAC,LAMOA 

225  Y   «   Y   •   .0500 
WRITE(6,442)   ALFA,BETA,AJOtAJ1,AJ2.LAMN,LAM1,LAM2,LAM3,LAH4, 

I   AZ8,AZ9,AZ14,AZ15,GAMMA,SAVE 
:0MPUTE   FLOW   F1EL0 

GC   TO   10 IF(KFIELO.EO.O) 
00   350   11-1,9 
Y   «   0.100*( II-l) 
WRITE(6,40) 
LAMDA   =   LAMN   •  LAMl*Y 
WRITE(6,445)   Y,LAMOA 
WRITE(6,446) 
00   350   KK»1,H0 
IF(KK.EO.l)   GO   TO   302 

•   LAM2»Y**2   •   LAM3*Y**3  •   LAM4»Y**4 

BLST2670 
RLST2680 
BLST2690 
BLST2700 
BLST2710 
BLST2720 
BLST2730 
BLST2740 
BLST2750 
BLST2760 
BLST2770 

)BLST2780 
BLST2790 
BLST2800 
BLST2810 
BLST2820 
BLST2830 
BLST2840 
BLST2850 
BLST2860 
BLST2870 
BLST2880 
BLST2890 
BLST2900 
BLST2910 
BLST2920 
BLST2930 
BLST2940 
BLST2950 
BLST2960 
BLST2970 
BLST2980 
BLST2990 
BLST3000 
BLST3010 
BLST3020 
BLST3030 
BLST 3040 
BLST3050 
BLST3060 
BL ST 30 70 
BLST30P0 
BLST3090 
BLST3100 
BLST3110 
BLST3120 
BLST3130 
8LST3140 
BLST3150 
BLST3160 
BLST3170 
BLST3180 
BLST3190 
BLST3200 

B - 6 
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BEST AVAILABLE COPY 
I I «UHU 

1 

301 

30? 
303 

IF!MCD!!KK-l),5).NE.0.AN0.KK.LT.l00) 
IF   IKK.LT.9?)   GO   TO   302 
IFtKK.GT.lOO)   GO   TO   301 
JJ   •   101   -   !KK-9l)*l0 
G^   TO   303 
JJ   »   111   -   KK 
GO   TO   303 
JJ   «    192   -   KK 
ZAl   *   ZA1HJJ)    •   LAM1*ZA12( JJ) 
ZA2   *   ZA2UJJ)   *  LA»2*ZA22(JJ) 
ZAPl    •   ZAP1ÜJI)    •   LAM1*ZAP12(JJ) 
ZAP2   «   ZAP2HJJ)   •  LAM2*ZAP22t JJ) 
ZAT   *   ZAUJ)    •   ZA1*Y   •   ZA2*V**2 
ZAPT   »   ZAP(JJ)   •   ZAP1*Y   •   ZAP2»Y**2 

GO  TO  350 

305 

350 

V   *    ALP*ZAT**L*ZAP^ 
VEl   '   ZAT   -   ALP*Z*(JJ)*ZAPT   •  LAMOA*Y*(ZA1*2.D0*ZA2*Y) 
ZGT   «   ZG(JJ)   •   IZG1KJJ)   •   LAM1*ZG12!JJ))*V   • !7G211JJl*LAM2* 

I   ZG22IJJ)I*Y**2 
IFtKK.GT.l)   GO   TO   305 
ZGTF   »   ZGT 
VF   «   V 
VFIF   «   VEL 
RHO   =   VF/V 
ZGT  =   ZGT/ZGTF 
VELR   »  VEL/VELF 
WRITE(6,448)   ZM<JJ)tZAT,ZGT,RHO,VELR 
CONTINUE 
GO   TO   10 

440  FORMAT! •      Y   =»,F6.3,»      OMEGA   «SEILS**      Z  »»,E11.5,»      J   »»,F10.5 
It1      KE/J   «»»F10.5,»      LAMDA   »»,F10.5) 

442  FORMAT!/,»    SUMMARY»,/,»    ALFA«»,F10.5,2X,'BETA«•,F10.5.2X,•JO«'t 
1F10.5,2X,»J1»».F10.5,2X,»J2=»,F10.5,/,»   LAMO«»,F10.5,2X,»LAM1«», 
2F10.5,2X,»LAM2 = » ,F 10.5,2X, »L AM3* •, f 10 .5, 2X,» LAM4»», F10.5, /, •   Jll« 
3,F10.5,2X, »J12*»,F10.5,2X,» J?l»»,F10.5,2X,•J22«»tFl0.5,/,'   GAMMA» 
4.F10.5, 2X, »STEP»»,F10.5 I 

445 FORMAT!/,•    Y   «•,F5.2,2X,•LAMOA   «»,F10.5) 
446 FORMAT!4X,15X,«MASS»,13X,»RADIUS»tllX,fPRESSURE»»12X,»DENSITY» 

ltllXt»VELOCITY»,//I __         _ 
448  F0PMAT!4X,5F19.5) 
99Q   STOP 

END 

BLST3210 
BLST3220 
BLST3230 
BLST3240 
BLST3250 
BLST3260 
8LST3270 
BLST3280 
BLST3290 
BLST3300 
BLST3310 
BLST3320 
BLST3330 
BLST3340 
BLST3350 
BLST3360 
BLST3370 
BLST3380 
BLST3390 
BLST3400 
BLST3410 
BLST3420 
BLST3430 
BLST3440 
BLST3450 
BLST3460 
BLST3470 
BLST3480 
BLST3490 
BLST3500 
BLST3510 
PLST3520 
8LST3530 
RLST3540 
BLST3550 
BLST 3560 
BLST3570 
BLST3580 
BL ST3 590 
BLST3600 
BLST3610 

'•) 
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BEST "AVAILABLE COPY 
SUBROUTINE   FCTIZ,ZP,C•M| 
IMPLIC!T   REAL*8   (A-H,0-Zl 
REAL*8   LAMNtKN,M,LAMl,Kl,LAMPl 
DIMENSION   Z(151,ZP(15),C<16) 

C   AND   Z    TRANSFERS 
IFIM.NE.l.OOl   GO   TO   10 
LAMN   «   C<1) 
KN   »   CC2) 
Kl   »   Cl 3) 
ALP   -  C<4) 
GAMM   »  C<5) 
GMCG   =   C(6) 
AK11   *  C(7» 
AK21   *   C(8) 
RLAM   *   CUO) 
LAMl    »   C(lll 
ALF   *   CI12) 
GAM   »  C(13) 
LAMP1   «   LAMN   •   1.00 
L   «   ALF   •   .0100 

10  AN   •   7(1) 
ANP   *   Z(2I 

COMPUTE   COMMON   TERMS 
ANL    =   AN**L 
FM1   »   M**<LAMN/ALP) 
GN   »   KN/(ANL*ANP)**GAM/FM1 
FAJ   »AN  -   ALP***ANP 
AA « ALP*GAM*(ANL*GN/ANP - ^LP*M**2) 

COMPUTE ZERO ORDER DERIVATIVES 
R » AIP*GAM*(2.00*ALF • LAMN»*M/2.D0 
CO   »   GAM*|LAMN/2.00   •  GN»ALF*ALP*ANL*ANP/AN**2) 
ZP<1»   *   ANP 
ZP<2)   «   <6*ANP   -   CO*AN   -   GN*ANL*LAMN/M)/AA 
EKO   »   GAM*FAJ**2/ALP/2.00 
ZP(3)    «   EKO   •   GN*ANL*ANP/GAMM 

COMPUTE   FIRST   ORDER   DERIVATIVES 
All    *   Z(4) 
AP11   *   7(5) 
A12   -   Z(6) 
AP12   -   Z(7) 
ANPP   «   ZP(2) 
ONP   »  -GN*(LAMN/ALP/"   •  GAM*(ALF*ANP/AN*ANPP/ANP)) 
«B   •   ALP*GAM*(ANL*(GN*ANPP/ANP**2   -   GNP/ANP   -   ALF*GN/AN> 

1   -2.D0*LAMN*M)   •   p 
CC   *   CC   •  GA**LAMN**2/?.D0   -  GAMM*ALF*ALP*ANL*GNP/AN 
00   »   AKll*FMl*ANL*«GNP*ALP   •   GN*LAMN/M| 
FE   *   (ANL*ALF*GNP   -  DD/AK11l/LAMN   -   FAJ*GAM/2.00 
ZP14J   *   APU 
7P(5)   «   <BB*AP11*CC*A11*0D)/AA 
ZPC6)   -   AP12 
7P<7)   «   <BB*AP12*CC*A12+EE)/AA 
TF(Kl.NF.O.OO)   GO   TO   100 
FKll   »     GAM*FAJ*(All*lAMPl-ALP*M*APU)/ALP 
FK12   «     GAM*FAJ*<Al?*LAMPl-ALP*M*A>M2|/AlP 
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FCT 10 
FCT 20 
FCT 30 
FCT 40 
FCT 50 
FCT 60 
FCT 70 
FCT 80 
FCT 90 
FCT 100 
FCT 110 
FCT 120 
FCT 130 
FCT 140 
FCT 150 
FCT 160 
FCT 170 
FCT 180 
FCT 190 
FCT 200 
FCT 210 
FCT 220 
FCT 230 
FCT 240 
FCT 250 
FCT 260 
FCT 270 
FCT 280 
FCT 290 
FCT 300 
FCT 310 
FCT 320 
FCT 330 
FCT 340 
FCT 350 
FCT 360 
FCT 370 
FCT 380 
FCT 390 
FCT 400 
FCT 410 
FCT 420 
FCT 430 
FCT 440 
FCT 450 
FCT 460 
FCT 470 
FCT 480 
FCT 490 
FCT 500 
FCT 510 
FCT 520 
FCT 530 
FCT 540 
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BEST AVAILABLE COPY 
ZPI8)   •   EKU   •   GN*ANL*(AKll*ANP*FMlAGAMM-APH-ALF*ANP*All/ANI 
ZP(9)   »   EK12   •   GN*ANL*IANP*<i.DO-FMD/GAMM/tA*N  -   AP12 

I   -   ALF*ANP*A12/AN) 
 JPL1QI!   »   |KO   _ 

ZPUll   «  EKU 
._*PU21    *  EK12 __ 

RETURN 
COMPUTE   SECCNO ORDER OERJVATLVES    - 

100  Al   •   AU   •   LAM1*A12 
API   =   APU    •   |,AMl*AP12 
APP1   a   ZP( 5)   •   LA*l*ZP(7) 

_    Ql_*   GN*1RLAM   -  QAM*(ALF*A1/AN   •  APl/ANP)   •  K1*FM1   I 
GP1    «  Gl*GNP/GN   •   GN*(Kl*LAMN*FMi/M/ALP  -   GAM*IALF*IAPl/AN-A 1 

L*ANP/AN**2)    •   (APPI/ANP-AP1*ANPP/ANP**2)1J 
Ä21   *   ZI10I 

 AP?1    »   Mil)   
A22   *   Z<12) 

 -A£22_« JUJJ    ._.. 
BBB   *   BB  -   2.00*AL«»*GAM*M*LAMN 
CCC   » C_C_  •   GAP*LAHNJM 1.00*2.500*LAMNJ  
OOD • AK21*LAMN*FMI**2*(GNP7LAMN«.2.DÖ*GN/ALP/M1 - Kl*LAMl*FMl* 

UGNP/LAHN+GN/ALP/M) » GNP*(GAM*tALF»(Al/AN)*»2»tAPI/ANP>»*2) - 
2fGl/GN)**2-RLAH**2)/2.b0»GPi*(Gl/GN*ALF*Äl/ÄN)*GAH*GN*«ALF*Al* 

 3(AN*AP1-A1»ANP)/AN»»3   »   (ANP*AP1*APP1-AP1**2«ANPP)/ANP**31 
DOD   =   ODD*ALP*ANL   ••  GA**LAMl *( Al*< I .D0*4.D0*LAMN )   -   3.00*AIP*M* 

 1   API)/?.DO   •  ALP*ALF*(ALF-1.00)*A1*»2*GNP/2.00 
EFE   *   .5D0*ALP*(ANL*GNP*(l.D0-FMl**2)/LAMN   •  GÄM*M*ANP|   - 

1   ANL*GN*FH1»*2/H   -   GAM*AN/2.00  
ZPIIOI   *  AP21 

 ZPdll   «   (B8B*AP21»CCC*A21*0DD)/AA  
ZP(12)   =   AP22 

_      flELUU   •   (BBB»AP22+CCC*A22»EEE)/AA  
G21   a(UGl/GNI**2-RLAM**?)/2.DÖ   •  AK21*FM1**2   -  RLAH*Kl*F*i 

1   -   GAE*(ALF*tA21/AN-( Al/ANl**2/2.DO )   *  AP21/ANP   -   <_AP1/ANP|**2 
2/2.D0))*GN 
 G22   =   GN*l(l.D0-FMl*»2l/LAMN/2.D0  -   GAH»tALF*A22/AN •AP22/ANPI) 

EK21    *   GAM*(FAJ*<LAM1*A1   •   IIAMP1H. AMN )*A?1   -   ALP*M*AP?l) 
__  _    JLi   LLAMP1*A1   -_ALP*M*APU**2V2.DO)/ALJP  

ZPU4I   *  EK21   •ANL*ANP*(<ALF*A2l/AN   • AP21/ANP  •   CAPl/ANPMALF 
 1-1.D0»*A1/AN/?.00)»ALF*A1/AN)*GN»G1»(AP1/ANP*ALF*A1/AN)»G2U/GAHH 

EK22   -   GAM*(FAJ*( (LAMP1*LÄMN)*A?2   -   AIP*M*AP22))/ALP 
ZPI15)    *  EK22   •   ANL*ANP*(GN*(ALF*A22/AN*AP22/ANP)   •   G22I/GAMM 
ZP<81   *   EK21 
ZPI9)   »   FK22 
RETURN 
END 

FCT 550 
FCT 560 
FCT 5T0 
FCT 560 
FCT 590 
FCT 600 
FCT 610 
FCT 620 
FCT 630 
FCT 64 0 
FCT 650 
FCT 660 
FCT 670 
FCT 680 
FCT 690 
FCT 700 
FCT 710 
FCT 720 
FCT 730 
FCT 740 
FCT 750 
FCT 760 
FCT 770 
FCT 780 
FCT 790 
FCT 800 
FCT 810 
FCT 820 
FCT 830 
FCT 840 
FCT 850 
FCT 860 
FCT 870 
FCT 880 
FCT 890 
FCT 900 
FCT 910 
FCT 920 
FCT 930 
FCT 940 
FCT 950 
FCT 960 
FCT 970 
FCT 980 
FCT 990 
FCT 1000 
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BEST'AVAILABLE COPY 
SUBRCLTINE   RUNKUTIZ,X,C.H,N) RNKT      10 

CONSTANT   STEPt   FOURTH  OROER   RUNGE-KUTTA   INTEGRATION  ALGORITHM RNKT     20 
IMPLICIT  REAl*8   <A-H,0-ZI RNKT     30 
DIMENSION   ?<15|,C(16I tVt 15|tRKl(15),RK2(15)tRK3U5> «RK4U5I RNKT     40 
H2   »   H/2.00 RNKT     50 
CAIL   FCT(Z«RKl,C,X) RNKT     60 
00   10 J*ltN RNKT     70 

10 Y( J) * Z(J) » H2*RKIU) RNKT 80 
X * X* H2 RNKT 90 
CALL FCT<V,RK2tCXI RNKT 100 
00   U   J«1,N RNKT   110 

11 Y(J) • ZIJ) • H2*RK2U> RNKT 120 
CALL FCTIYtRK3tCXI RNKT 130 
00   12   J*l»N RNKT   140 

12 Y(J) • Z(JI • H *RK3(J) RNKT 150 
X « X* H2 RNKT 160 
CALL FCT(Y»RK4,CtX) RNKT 170 
00   13  J«ltN RNKT   160 

13 Z ( J 1 - ZU) * H*<RKH J)*?.00*(RK2U)*RK3(JJ)«-RK«< JM/6.00 RNKT 190 
RETURN RNKT 200 
END RNKT   210 

B -  10 




